
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ Øêîëà Ýêîíîìèêè¿
Îëèìïèàäà ÍÈÓ ÂØÝ äëÿ ñòóäåíòîâ è âûïóñêíèêîâ � 2019 ã.

ïî íàïðàâëåíèþ 01.04.02 ¾Ïðèêëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà¿

Ïðîôèëü 020 ¾Ïðèêëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà¿

Âðåìÿ âûïîëíåíèÿ çàäàíèÿ � 240 ìèí.
Ðåøåíèÿ îëèìïèàäíûõ çàäàíèé äîëæíû áûòü çàïèñà-
íû ïî-ðóññêè èëè ïî-àíãëèéñêè. Êàæäàÿ çàäà÷à îöåíè-
âàåòñÿ èç 10 áàëëîâ, ìàêñèìàëüíàÿ ñóììà � 100 áàëëîâ.

Time to complete the task is 240 min.
Solutions should be written in English or Russian language.
Solution of each problem costs 10 points, the maximum
sum equals to 100 points.

ÎÁÙÀß ×ÀÑÒÜ / GENERAL SECTION

1.Äîêàæèòå ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè è íàéäèòå
å¼ ïðåäåë

1. Prove convergence of the sequence and calculate its
limit

a1 = 7, a2 = 7 +
1

7
, a3 = 7 +

1

7 + 1
7

, . . .

Ðåøåíèå. Ðåøåíèå çàäà÷è ñîñòîèò èç äâóõ ÷àñòåé: äëÿ íà÷àëà äîêàæåì ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè, à
çàòåì íàéä¼ì å¼ ïðåäåë.

×ëåíû ïîñëåäîâàòåëüíîñòè óäîâëåòâîðÿþò ðåêóððåíòíîé ôîðìóëå

an = 7 +
1

an−1
.

Åñëè ââåñòè ôóíêöèþ f(x) = 7 + 1/x, òî an = f(an−1).
Ïî ôîðìóëå êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà:

an+1 − an = f(an)− f(an−1) = f ′(ξn)(an − an−1) =
−1

ξ2n
(an − an−1),

ãäå ξn � íåêîòîðàÿ òî÷êà ñòðîãî ìåæäó an è an−1. Ó÷èòûâàÿ, ÷òî an ≥ 7 è an−1 ≥ 7, ïîëó÷àåì îöåíêó

|an+1 − an| =
1

ξ2n
|an − an−1| ≤

1

49
|an − an−1|.

Ñëåäîâàòåëüíî,

|an+1 − an| ≤
1

49n−1
|a2 − a1| =

7

49n
.

Î÷åâèäíî ðàâåíñòâî

an = a1 + (a2 − a1) + (a3 − a2) + · · ·+ (an − an−1) = a1 +

n−1∑
k=1

(ak+1 − ak).

Çàìåòèì, ÷òî ðÿä
+∞∑
k=1

(ak+1 − ak)

àáñîëþòíî ñõîäèòñÿ ïî ïðèçíàêó ñðàâíåíèÿ, ò.ê. |ak+1 − ak| ≤ 7 · 49−n. Ñëåäîâàòåëüíî, ñõîäèòñÿ è ïîñëåäîâà-
òåëüíîñòü an:

lim
n→+∞

an = a1 +

+∞∑
k=1

(ak+1 − ak).

Ïóñòü x � ïðåäåë ðàññìàòðèâàåìîé ïîñëåäîâàòåëüíîñòè. Òîãäà, ïåðåõîäÿ ê ïðåäåëó ïðè n → +∞ â ðåêóð-
ðåíòíîé ôîðìóëå, ïîëó÷àåì, ÷òî

x = 7 +
1

x
Ðåøàÿ êâàäðàòíîå óðàâíåíèå x2 − 7x− 1 = 0, ïîëó÷àåì:

x =
7 +
√

53

2
.

Îòðèöàòåëüíûé êîðåíü êâàäðàòíîãî óðàâíåíèÿ ìîæåò áûòü îòáðîøåí ïî óñëîâèþ x > 0.
Òàêèì îáðàçîì, ïîñëåäîâàòåëüíîñòü an ñõîäèòñÿ è

lim
n→+∞

an =
7 +
√

53

2
.

Êðèòåðèè:

0-3 Íåâåðíîå ðåøåíèå.
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4-6 Ïîëó÷åí âåðíûé îòâåò, íî áåç äîëæíîãî îáîñíîâàíèÿ. Íàïðèìåð, îòñóòñòâóåò îáîñíîâàíèå ñõîäèìîñòè.
7-9 Âåðíîå ðåøåíèå ñ íåçíà÷èòåëüíûìè íåòî÷íîñòÿìè â ôîðìóëèðîâêàõ è îáîñíîâàíèè.
10 Âåðíîå ðåøåíèå.

2. Ïóñòü A = {ai}∞i=1 - ìíîæåñòâî âñåõ íàòóðàëüíûõ
÷èñåë, â ðàçëîæåíèè êîòîðûõ íà ïðîñòûå ìíîæèòåëè
âñòðå÷àþòñÿ òîëüêî ïðîñòûå ÷èñëà p1, p2 è p3. Íàéäèòå

2. A set A = {ai}∞i=1 comprises all natural numbers such
that their factorizations include prime numbers p1, p2 and
p3 only. Calculate

∞∑
i=1

1

ai
.

Ðåøåíèå. Êàæäîå ai = pn1
1 pn2

2 pn3
3 , ãäå nj ≥ 0. Òàêèì îáðàçîì:

∞∑
i=1

1

ai
=

∞∑
n1=0

1

pn1
1

∞∑
n1=0

1

pn2
2

∞∑
n3=0

1

pn3
3

=
1

1− p−11

1

1− p−12

1

1− p−13

=
p1p2p3

(p1 − 1)(p2 − 1)(p3 − 1)

Êðèòåðèè:

1-3 áàëëà. Ðàçëè÷íûå ïîïûòêè ðåøåíèÿ.
4-5 áàëëîâ. Âûñêàçàíà èäåÿ, ÷òî êàæäîå ai äîëæíî áûòü âèäà ai = pn1

1 pn2
2 pn3

3 , ãäå nj ≥ 0.
6-7 áàëëîâ. Îáîñíîâàííîå ðåøåíèå ñ îòâåòîì â âèäå

∑∞
n1=0

1
p
n1
1

∑∞
n1=0

1
p
n2
2

∑∞
n3=0

1
p
n3
3

.

8-9 áàëëîâ. Ïðàâèëüíûé îòâåò ñ íåñóùåñòâåííûìè ïîãðåøíîñòÿìè â åãî îáîñíîâàíèè.
10 áàëëîâ. Ïîëíîñòüþ îáîñíîâàííîå ðåøåíèå ñ ïðàâèëüíûì îòâåòîì.

3. Ñëó÷àéíàÿ âåëè÷èíà x ðàñïðåäåëåíà íîðìàëüíî ñ ïà-
ðàìåòðàìè (0, σ), ãäå σ- ñðåäíåêâàäðàòè÷åñêîå îòêëî-
íåíèå. Íàéäèòå äèñïåðñèþ ñëó÷àéíîé âåëè÷èíû y =

xe−
x2

2 .

3.A random variable x is normally distributed with a mean
0 and a standard deviation σ. Find a variance of a random

y = xe−
x2

2 .

Ðåøåíèå. Ïðåæäå âñåãî, íàéäåì ìàòåìàòè÷åñêîå îæèäàíèå èñõîäíîé âåëè÷èíû. Îíî ðàâíî

E [y] =
∫ −∞
−∞ φ (x) f (x) dx =

∫∞
−∞

1
σ
√
2π
xe−

x2

2 e−
x2

2σ2 dx

Çàìåòèì, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ � íå÷¼òíàÿ. Ñëåäîâàòåëüíî E [y] = 0
Íàéä¼ì ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû y2. Ýòà âåëè÷èíà ðàâíà

E
[
y2
]

=
∫ −∞
−∞ φ2 (x) f (x) dx =

∫∞
−∞

1
σ
√
2π
x2e−x

2

e−
x2

2σ2 dx =
∫∞
−∞

1
σ
√
2π
x2e
−x2

(
1+2σ2

2σ2

)
dx

E
[
y2
]

=
√
1+2σ2

σ
σ√

1+2σ2

∫∞
−∞

1
σ
√
2π
x2e
−x2

(
1+2σ2

2σ2

)
dx = 1√

1+2σ2

∫∞
−∞ x2 1

σ/
√
1+2σ2

√
2π
e
−x2

(
1+2σ2

2σ2

)
dx.

Çàìåòèì, ÷òî èíòåãðàë â ïðàâîé ÷àñòè ñîîòâåòñòâóåò äèñïåðñèè ñëó÷àéíîé âåëè÷èíû ñëó÷àéíîé âåëè÷èíû ñ

íîðìàëüíûì ðàñïðåäåëåíèåì è ïàðàìåòðàìè
(

0, σ√
1+2σ2

)
. Ñëåäîâàòåëüíî

E
[
y2
]

=
√
1+2σ2

σ
σ√

1+2σ2

∫∞
−∞

1
σ
√
2π
x2e
−x2

(
1+2σ2

2σ2

)
dx = 1√

1+2σ2

σ2

1+2σ2 = σ2
(
1 + 2σ2

)− 3
2 . Äèñïåðñèÿ ñëó÷àéíîé âåëè-

÷èíû ðàâíà

V ar [y] = E
[
y2
]
− (E [y])

2
= σ2

(
1 + 2σ2

)− 3
2

Êðèòåðèè:

0-4 áàëëà. Ïðåäïðèíÿòû ïîïûòêè íàéòè ðåøåíèå, íå ïðèâåäøèå ê óñïåõó, èëè äîïóùåíû îøèáêè â ôîðìóëàõ,
ïîâëèÿâøèå íà õîä ðåøåíèÿ (íàïðèìåð, íåâåðíî çàïèñàíà ôîðìóëà äëÿ ìàò. îæèäàíèÿ ôóíêöèè).
5- 6 áàëëîâ. Ïðàâèëüíûé îòâåò áåç äîñòàòî÷íûõ ïîÿñíåíèé, ïîçâîëÿþùèõ ïîíÿòü, êàê èìåííî ïîëó÷åí îòâåò.
7-9 áàëëîâ. Âåðíûå ðàññóæäåíèÿ, äîïóùåíû îøèáêè â ïåðåõîäàõ, îòâåò íåâåðíûé.
10 áàëëîâ. Âåðíûå ðàññóæäåíèÿ è ïðàâèëüíûé îòâåò.

4. ÏîëèíîìÆåãàëêèíà ëîãè÷åñêîé ôóíêöèè îò 5 ïåðå-
ìåííûõ ñîäåðæèò 32 ñëàãàåìûõ. Ñêîëüêî íóëåé ìîæåò
áûòü â òàáëèöå èñòèííîñòè ýòîé ôóíêöèè? Îïðåäåëå-
íèå: ïîëèíîì Æåãàëêèíà ïðåäñòàâëÿåò ñîáîé ñóììó ïî
ìîäóëþ äâà ïîïàðíî ðàçëè÷íûõ ïðîèçâåäåíèé áóëåâ-
ñêèõ ïåðåìåííûõ (èíâåðñèÿ ïåðåìåííûõ íå äîïóñêàåò-
ñÿ), à òàêæå (åñëè íåîáõîäèìî) ëîãè÷åñêîé êîíñòàíòû
1; ïðåäïîëàãàåòñÿ, ÷òî íè â îäíîì ïðîèçâåäåíèè íè îä-
íà ïåðåìåííàÿ íå âñòðå÷àåòñÿ áîëüøå îäíîãî ðàçà.

4. Zhegalkin polynomial for Boolean function of 5 variables
involves 32 terms. How many zeroes may contain a truth
table for this function? According to the de�nition, Zhegalk
in polynomial is exclusive disjunction of products over
non-negated Boolean variables such that each variable ente
rs a product one time or does not enter altogether; a logical
constant 1 may be a summand if necessary.

Ðåøåíèå. Îáîçíà÷èì èñêîìóþ ôóíêöèþ ÷åðåç f . Âñåãî âîçìîæíûõ ñëàãàåìûõ â ïîëèíîìå Æåãàëêèíà ôóíê-
öèè îò 5 ïåðåìåííûõ êàê ðàç 32, ïîýòîìó f îäíîçíà÷íà îïðåäåëåíà è ñîäåðæèò âñå âîçìîæíûå ñëàãàåìûå. Çàìå-
òèì, ÷òî ôóíêöèÿ (1⊕x1)·(1⊕x2)·(1⊕x3)·(1⊕x4)·(1⊕x5) èìååò òîò æå ïîëèíîìÆåãàëêèíà (äîñòàòî÷íî ðàñêðûòü
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ñêîáêè) è ïîýòîìó ñîâïàäàåò ñ f . Ïîýòîìó f èñòèííà òîãäà è òîëüêî òîãäà, êîãäà x1 = x2 = x3 = x4 = x5 = 0.
Ò.å. â å¼ òàáëèöå èñòèííîñòè ðîâíî îäíà åäèíèöà (è 31 íîëü).
Êðèòåðèè:

0�3 Ïîïûòêè íàéòè îòâåò, íå ïðèâåäøèå ê óñïåõó.
4�5 Çàìå÷åíî, ÷òî óñëîâèÿ îäíîçíà÷íî îïðåäåëÿþò f .
6�8 Ïðîïóùåíî îáîñíîâàíèå ÷àñòè øàãîâ ïðàâèëüíîãî ðåøåíèÿ.
9-10 Ïðàâèëüíîå äîêàçàòåëüñòâî è âåðíûé îòâåò.

5. Âûÿñíèòå, ýêâèâàëåíòíû ëè ôîðìóëû A è B: 5. Are formulae A and B equivalent?:

A = x→ ((y → z)→ y&z) , B = (x̄ ∨ (y → z)) & (x⊕ y) ,

ãäå →, & è ⊕ îçíà÷àþò èìïëèêàöèþ, ëîãè÷åñêîå È è
ñëîæåíèå ïî ìîäóëþ äâà ñîîòâåòñòâåííî.

where→, &, and⊕ denotes implication, logical conjunction,
and exclusive disjunction, respectively.

Ðåøåíèå.
Ïîñòðîèì òàáëèöû èñòèííîñòè äëÿ

A = x→ ((y → z)→ y&z),

ïîëó÷àåì
x y z y → z y&z (y → z)→ y&z A
0 0 0 1 0 0 1
0 0 1 1 0 0 1
0 1 0 0 0 1 1
0 1 1 1 1 1 1
1 0 0 1 0 0 0
1 0 1 1 0 0 0
1 1 0 0 0 1 1
1 1 1 1 1 1 1

äëÿ
B = (x ∨ (y → z))&(x⊕ y)

ïîëó÷àåì
x y z x y → z x ∨ (y → z) x⊕ y B
0 0 0 1 1 1 0 0
0 0 1 1 1 1 0 0
0 1 0 1 0 1 1 1
0 1 1 1 1 1 1 1
1 0 0 0 1 1 1 1
1 0 1 0 1 1 1 1
1 1 0 0 0 0 0 0
1 1 1 0 1 1 0 0

Ñëåäîâàòåëüíî, ôîðìóëû A è B íåýêâèâàëåíòíû.
Êðèòåðèè:

0-3 áàëëà. Ðàçëè÷íûå ïîïûòêè ðåøåíèÿ.
4-7 áàëëîâ. Ïðàâèëüíûé îòâåò, ïîëó÷åííûé èç íåâåðíûõ âû÷èñëåíèé çíà÷åíèé ôîðì ïðè íåêîòîðûõ íàáîðàõ
çíà÷åíèé ïåðåìåííûõ.
8-9 áàëëîâ. Ïðàâèëüíûé îòâåò ñ íåñóùåñòâåííûìè ïîãðåøíîñòÿìè â åãî îáîñíîâàíèè.
10 áàëëîâ. Ïîëíîñòüþ îáîñíîâàííîå ðåøåíèå ñ ïðàâèëüíûì îòâåòîì.

ÑÏÅÖÈÀËÜÍÀß ×ÀÑÒÜ / SPECIAL SECTION

6. Ðàññìîòðèì ñëåäóþùóþ ìàòðèöó ðàçìåðà 2019 ×
2019:

6. Consider the following 2019× 2019 matrix:


1 2 . . . 2019

2020 2021 . . . 2 ∗ 2019
4039 4040 . . . 3 ∗ 2019
...

...
...

...
1 + 2018 ∗ 2019 . . . . . . 20192
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Âûáåðåì 2019 ýëåìåíòîâ ìàòðèöû òàê, ÷òîáû èç êàæ-
äîãî ñòîëáöà è èç êàæäîé ñòðîêè áûëî âçÿòî ðîâíî ïî
îäíîìó ýëåìåíòó. ×åìó ìîæåò áûòü ðàâíà ñóììà âû-
áðàííûõ òàêèì îáðàçîì ýëåìåíòîâ ìàòðèöû? Íàéäèòå
âñå âîçìîæíûå çíà÷åíèÿ ñóììû âûáðàííûõ òàêèì îá-
ðàçîì ýëåìåíòîâ ìàòðèöû.

One selects 2019 elements of the matrix in the way that
one choses a single element from each row and each column.
Find all possible values of the sum of elements thus chosen.

Ðåøåíèå. Çàìåòèì, ÷òî íàìè âûáðàíû ýëåìåíòû ìàòðèöû ñ íîìåðàìè (j, σ(j))|2019j=1 , ãäå σ ∈ S2019 íåêîòîðàÿ
ïåðåñòàíîâêà ÷èñåë 1, . . . 2019. Äàëåå aj,σ(j) = 2019 ∗ (j − 1) + σ(j). Òàêèì îáðàçîì, èñêîìàÿ ñóììà ðàâíà

2019∑
j=1

(2019 ∗ (j − 1) + σ(j)) = 2019
2018× 2019

2
+

2019× 2020

2
=

2019(20192 + 1)

2
.

Êðèòåðèè:

0-3 áàëëà. Ðàçëè÷íûå ïîïûòêè ðåøåíèÿ.
4-5 áàëëîâ. Âûñêàçàíà èäåÿ, ÷òî âûáðàíû ýëåìåíòû ìàòðèöû ñ íîìåðàìè (j, σ(j))|2019j=1 , ãäå σ ∈ S2019 íåêîòîðàÿ
ïåðåñòàíîâêà ÷èñåë 1..2019, è ÷òî aj,σ(j) = 2019 ∗ (j − 1) + σ(j.
6-7 áàëëîâ. Îáîñíîâàííîå ðåøåíèå, íî ñ àðèôìåòè÷åñêèìè îøèáêàìè ïðè ïîäñ÷¼òå ñóììû

2019∑
j=1

(2019 ∗ (j − 1) + σ(j)) = 2019
2018× 2019

2
+

2019× 2020

2
=

2019(20192 + 1)

2
.

.
8-9 áàëëîâ. Ïðàâèëüíûé îòâåò ñ íåñóùåñòâåííûìè ïîãðåøíîñòÿìè â åãî îáîñíîâàíèè.
10 áàëëîâ. Ïîëíîñòüþ îáîñíîâàííîå ðåøåíèå ñ ïðàâèëüíûì îòâåòîì.

7. ×åòâåðî èãðàþò â êàðòî÷íóþ èãðó: âñå ÷åòûðå èãðî-
êà ðàññàæèâàþòñÿ çà èãðîâûì ñòîëîì, òàê, ÷òî ó êàæ-
äîãî èç èãðîêîâ åñòü èãðîê, ñèäÿùèé íàïðîòèâ (òàêèì
îáðàçîì, èãðàþùèå ðàçáèâàþòñÿ íà äâå ïàðû). Êàæ-
äûé ðàóíä èãðàåòñÿ ñëåäóþùèì îáðàçîì: îäèí èç èã-
ðîêîâ ïåðåòàñîâûâàåò êîëîäó èç 36 èãðàëüíûõ êàðò è
ðàçäàåò êàæäîìó (âêëþ÷àÿ ñåáÿ) ïî îäíîé êàðòå. Åñëè
çà ñòîëîì åñòü òîëüêî îäíà ïàðà èãðîêîâ, êîòîðûì äî-
ñòàëèñü êàðòû îäèíàêîâîãî äîñòîèíñòâà (íàïðèìåð, ñå-
ì¼ðêè èëè âàëåòû) ýòà ïàðà îáúÿâëÿåòñÿ âûèãðàâøåé.
Â ïðîòèâíîì ñëó÷àå (ò.å. åñëè êàðòû îäíîãî äîñòîèí-
ñòâà âûïàëè ñðàçó îáåèì ïàðàì èãðîêîâ, íàïðèìåð, îä-
íà ïàðà ïîëó÷èëà ïàðó òóçîâ, à äðóãàÿ ïàðó äåâÿòîê,
èëè íè îäíà èç ïàð íå ïîëó÷èëà êàðò îäíîãî äîñòîèí-
ñòâà) ñ÷èòàåòñÿ, ÷òî âñå ó÷àñòíèêè ïðîèãðàëè. Â êîíöå
ðàóíäà êàðòû âîçâðàùàþòñÿ â êîëîäó è íîâûé ðàóíä
èãðàåòñÿ âíîâü ïåðåòàñîâàííîé ïîëíîé êîëîäîé. Êàêî-
âà âåðîÿòíîñòü òîãî, ÷òî äî ïåðâîãî âûèãðûøà ïðèä¼ò-
ñÿ ñûãðàòü 20 ðàóíäîâ (âêëþ÷èòåëüíî), åñëè ñ÷èòàòü,
÷òî êîëîäà êàæäûé ðàç ïåðåìåøèâàåòñÿ òàêèì îáðà-
çîì, ÷òî âåðîÿòíîñòü âûòàùèòü èç êîëîäû êàæäóþ èç
îñòàâøèõñÿ â íåé êàðò îäèíàêîâà?

7. Four people play cards. They seat around a table in
the manner that each gamer has a partner (which seats
opposite to him), thus making up pairs. At the beginning
of each round one of the players shu�es all 36 cards and
gives a single card to each gamer, including himself. If it
appears that only one pair has received cards of the same
value (say, both gamers have received sevens or jacks) than
the pair wins the round. Otherwise, if both or none pairs
have received cards of the same values, all gamers lose the
round. At the end of the round all cards are returned to
the pack and the next round strarts with a newly shu�ed
pack. What is the probability to play 20 rounds before the
�rst won round, if the probabilities to pick up di�erent
cards are the same?

Ðåøåíèå. Ðàññìîòðèì âàðèàíòû ðàçäà÷, âåäóùèå ê âûèãðûøó. Áóäåì îáîçíà÷àòü êàðòû ðàçëè÷íîãî äîñòî-
èíñòâà çàãëàâíûìè áóêâàìè ëàòèíñêîãî àëôàâèòà, ââåäåì òàêæå îáîçíà÷åíèå ¬Xäëÿ îáîçíà÷åíèÿ âñåõ êàðò
êîëîäû, êðîìå òåõ, êîòîðûå èìåþò äîñòîèíñòâî X. Äëÿ îïðåäåë¼ííîñòè áóäåì ñ÷èòàòü, ÷òî êàðòû ðàçäàþòñÿ
èãðîêàì ïî ÷àñîâîé ñòðåëêå. Ðàññìîòðèì ñíà÷àëà ñëó÷àè, êîãäà ïåðâûì äâóì èãðîêàì ðîçäàíû ðàçíûå êàðòû.
Òàêèõ ñëó÷àÿ äâà

A B A ¬B
A B ¬A B
Ðàññìîòðèì ñëó÷àé A B A ¬B. Âåðîÿòíîñòü òîãî, ÷òî ïîñëå êàðòû äîñòîèíñòâîì A áóäåò ðîçäàíà êàðòà äðóãî-

ãî äîñòîèíñòâà B ðàâíà 32
35 . Âåðîÿòíîñòü òîãî, ÷òî ïîñëå ýòîãî âíîâü áóäåò ðîçäàíà êàðòà A ðàâíà 3

34 . Ïîñëåäíÿÿ
êàðòà ìîæåò áûòü ëþáîé, êðîìå êàðò äîñòîèíñòâîì B è äâóõ óæå ðîçäàííûõ äîñòîèíñòâîì A. Ñëåäîâàòåëüíî,
âåðîÿòíîñòü òîãî, ÷òî ïîñëåäíèé èãðîê âûòàùèò åå ñîñòàâëÿåò 36−2−4

33 = 30
33 Òàêèì îáðàçîì, âåðîÿòíîñòü ýòîãî

âàðèàíòà ñîñòàâëÿåò
p1 = 32

35
3
34

30
33

Ñõîäíûì îáðàçîì ìîæíî âû÷èñëèòü âåðîÿòíîñòü ñëó÷àÿ A B ¬A B Âåðîÿòíîñòü òîãî, ÷òî ïîñëå êàðòû äîñòî-
èíñòâîì A áóäåò ðîçäàíà êàðòà äðóãîãî äîñòîèíñòâà B, ðàâíà 32

35 . Ñëåäóþùàÿ êàðòà ìîæåò áûòü ëþáîé, êðîìå
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êàðò äîñòîèíñòâîì A è óæå ðîçäàííîé êàðòû äîñòîèíñòâîì B. Âåðîÿòíîñòü òîãî, ÷òî ïîñëåäíåé áóäåò ðîçäàíà
êàðòà B ðàâíà 3

33

p2 = 32
35

36−4−1
34

3
33 = 32

35
31
34

3
33

Ðàññìîòðèì òåïåðü ñëó÷àè, êîãäà äâà ïåðâûõ èãðîêà ïîëó÷èëè îäèíàêîâûå êàðòû
A A A ¬A
A A ¬A A

Ñîîòâåñòâóþùèå âåðîÿòíîñòè ðàâíû

p31 = 3
35

2
34

36−4
33 = 3

35
2
34

30
33

p32 = 3
35

36−4
34

2
33 = 3

35
30
34

2
33

Òàêèì îáðàçîì, âåðîÿòíîñòü òîãî, ÷òî ðåàëèçóåòñÿ îäèí èç ýòèõ âàðèàíòîâ, ðàâíà
p3 = 2 3

35
2
34

30
33 , à âåðîÿòíîñòü óñïåøíîãî èñõîäà

p = p1 + p2 + p3 ≈ 0.158
Ïåðåôîðìóëèðóåì òåïåðü çàäà÷ó. Íóæíî íàéòè âåðîÿòíîñòü òîãî, ÷òî â ñåðèè íåçàâèñèìûõ èñïûòàíèé, ñ

âåðîÿòíîñòüþ óñïåõà p è âåðîÿòíîñòüþ íåóñïåõà 1 − p ïåðâûé óñïåõ áóäåò çàôèêñèðîâàí òîëüêî â ðåçóëüòàòå
äâàäöàòîãî èñïûòàíèÿ. Èñêîìàÿ âåðîÿòíîñòü ðàâíà

P = (1− p)19 p ≈ 0.158 (1− 0.158)
19 ≈ 0.00599

Êðèòåðèè:

0-4 áàëëà. Ïðåäïðèíÿòû ïîïûòêè íàéòè ðåøåíèå, íå ïðèâåäøèå ê óñïåõó èëè íåâåðíî èíòåðïðåòèðîâàíû óñëîâèÿ
çàäà÷è èëè äîïóùåíû îøèáêè â ðàññóæäåíèÿõ, ïîâëèÿâøèå íà êîððåêòíîñòü ðåøåíèÿ (íàïðèìåð, ðàññìàòðèâà-
åòñÿ ìîäåëü âûáîðà ñ âîçâðàùåíèåì).
5-6 áàëëîâ. Ïðàâèëüíûé îòâåò áåç íåîáõîäèìûõ ïîÿñíåíèé.
7-9 áàëëîâ. Âåðíûå ðàññóæäåíèÿ, äîïóùåíû îøèáêè â ïåðåõîäàõ, îòâåò íåâåðíûé.
10 áàëëîâ. Âåðíûå ðàññóæäåíèÿ è ïðàâèëüíûé îòâåò.

8. Â íåîðèåíòèðîâàííîì ãðàôå íà 100 âåðøèíàõ ëþ-
áîé ïîäãðàô èç 40 âåðøèí ñâÿçåí. Âåðíî ëè, ÷òî â ýòîì
ãðàôå îáÿçàòåëüíî ñóùåñòâóåò à) ýéëåðîâ öèêë; á) ãà-
ìèëüòîíîâ öèêë?

8. For an undirected graph of 100 vertices, each subgraph
of 40 vertices is connected. Whether it is true or not that
this graph contains (a) an Euler cycle; (b) a Hamiltonian
cycle?

Ðåøåíèå.
à) Íåò. Ðàññìîòðèì ïîëíûé ãðàô íà 100 âåðøèíàõ. Îí óäîòâîðÿåò óñëîâèþ (â í¼ì âîîáùå ëþáîé ïîäãðàô

ñâÿçåí), íî ñòåïåíü êàæäîé èç åãî âåðøèí íå÷åòíà (99), ïîýòîìó Ýéëåðîâà öèêëà íåò.
á) Äà. Çàìåòèì, ÷òî ñòåïåíü êàæäîé âåðøíû íå ìåíåå 61. Åñëè ñòåïåíü âåðøèíû a ìåíüøå, òî a íå ñîåäèíåíà

êàê ìèíèìóì ñ 39 âåðøèíàìè, è ïîäãðàô, ñîñòîÿùèé èõ a è 39 íå ñîåäèí¼ííûõ ñ íåé âåðøèí íå ñâÿçåí (â íåì
åñòü èçîëèðîâàííàÿ âåðøèíà a). Òî åñòü, ñòåïåíü âñåõ âåðøèí áîëüøå, ÷åì ïîëîâèíà îò èõ ÷èñëà (100). Â òàêîì
ãðàôå ãàìèëüòîíîâ öèêë åñòü ïî êðèòåðèþ Äèðàêà.

Êðèòåðèè:

0-4 Ïðåäïðèíÿòû ïîïûòêè íàéòè ðåøåíèå, íå ïðèâåäøèå ê óñïåõó.
5-6 Ïðàâèëüíûé îòâåò áåç íåîáõîäèìûõ ïîÿñíåíèé.
7-9 Îäèí èç ïóíêòîâ çàäàíèÿ âûïîëíåí âåðíî. Äëÿ âòîðîãî ïóíêòà çàäàíèÿ ïðèâåäåíû âåðíûå ðàññóæäåíèÿ, íî
äîïóùåíû îøèáêè, îòâåò íåâåðíûé.
10 Âåðíûå ðàññóæäåíèÿ è ïðàâèëüíûé îòâåò.

9. Êâàäðàòíàÿ ìàòðèöà n × n çàïîëíåíà íàòóðàëüíû-
ìè ÷èñëàìè. (a) Ïðåäëîæèòå àëãîðèòì, íàõîäÿùèé äâà
ýëåìåíòà ýòîé ìàòðèöû, íå ëåæàùèõ íè â îäíîé ñòðî-
êå, íè â îäíîì ñòîëáöå, ñ ìàêñèìàëüíî âîçìîæíûì ïðî-
èçâåäåíèåì. Îöåíèòå ÷èñëî ïðîèçâîäèìûõ îïåðàöèé, à
òàêæå îáú¼ì äîïîëíèòåëüíîé ïàìÿòè, òðåáóåìîé äëÿ
ðàáîòû àëãîðèòìà. (b) Îïòèìèçèðóéòå àëãîðèòì òàê,
÷òîáû îí óäîâëåòâîðÿë îãðàíè÷åíèÿì: ïî ÷èñëó îïå-
ðàöèé � O(n2), ïî îáú¼ìó äîïîëíèòåëüíîé ïàìÿòè �
O(n).

9. Square n × n matrix is �lled with natural numbers.
(a) Propose an algorithm that �nds two elements of the
maximum product, provided the elements do not belong to
the same row or column. What are the estimated number
of arithmetical operations and estimated required memory?
(b) Improve the algorithm in such a manner that the
estimated number of arithmetical operations is aboutO(n2)
and estimated memory is about O(n).

Ðåøåíèå.
Çà O(n2) îïåðàöèé íàõîäèì ìàêñèìóìû è âòîðûå ìàêñèìóìû ïî ñòðîêàì è ñòîëáöàì, çàïèñûâàåì èõ âìåñòå ñ

èíäåêñàìè â ìàññèâ äëèíû n. Äëÿ êàæäîãî èç íèõ âûáèðàåì èç ìàññèâà ìàêñèìàëüíîå ÷èñëî, íå ëåæàùåå ñ íèì
íè â îäíîé ñòðîêå, íè â îäíîì ñòîëáöå, è ïåðåìíîæàåì èõ. Èç ïîëó÷åííûõ ïðîèçâåäåíèé âûáèðàåì ìàêñèìàëüíîå.

Êðèòåðèè:

- îïèñàí íåâåðíûé àëãîðèòì � 0 áàëëîâ çà âñþ çàäà÷ó âíå çàâèñèìîñòè îò îñòàëüíîãî;
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- ïðèäóìàí âåðíûé àëãîðèòì, íå óäîâëåòâîðÿþùèé îãðàíè÷åíèÿì ïî ÷èñëó îïåðàöèé èëè îáú¼ìó äîïîë-
íèòåëüíîé ïàìÿòè � ïëþñ 1 áàëë;

- ïðèäóìàí âåðíûé àëãîðèòì, óäîâëåòâîðÿþùèé îãðàíè÷åíèÿì ïî ÷èñëó îïåðàöèé, íî íå ïî îáú¼ìó äî-
ïîëíèòåëüíîé ïàìÿòè � ïëþñ 3 áàëëà;

- ïðèäóìàí âåðíûé àëãîðèòì, óäîâëåòâîðÿþùèé îãðàíè÷åíèÿì ïî îáú¼ìó äîïîëíèòåëüíîé ïàìÿòè, íî íå
ïî ÷èñëó îïåðàöèé � ïëþñ 3 áàëëà;

- ïðèäóìàí âåðíûé àëãîðèòì, óäîâëåòâîðÿþùèé îãðàíè÷åíèÿì êàê ïî ÷èñëó îïåðàöèé, òàê è ïî îáú¼ìó
äîïîëíèòåëüíîé ïàìÿòè � ïëþñ 6 áàëëîâ;

- îöåíêà ÷èñëà îïåðàöèé � ïëþñ 1 áàëë;
- òî æå ñ îöåíêîé àñèìïòîòèêè ñ ïîìîùüþ î-ñèìâîëèêè � ïëþñ 2 áàëëà;
- îöåíêà îáú¼ìà äîïîëíèòåëüíîé ïàìÿòè � ïëþñ 1 áàëë;
- òî æå ñ îöåíêîé àñèìïòîòèêè ñ ïîìîùüþ î-ñèìâîëèêè � ïëþñ 2 áàëëà;

10. Íà ïîòîêå ó÷èòñÿ 120 ñòóäåíòîâ. Êàæäûé ñòóäåíò
ìîæåò âûáðàòü ëþáîãî èç 10 ñåìèíàðèñòîâ ïî àíàëèçó
èçîáðàæåíèé. Îêàçàëîñü, ÷òî 20 ÷åëîâåê âûáðàëè ñå-
ìèíàðèñòà Àëåêñåÿ. Ïðîâåðüòå, âåðíî ëè, ÷òî ñòóäåíòû
â ñàìîì äåëå âûäåëÿþò Àëåêñåÿ ñðåäè âñåõ ñåìèíàðè-
ñòîâ, òî åñòü âûáèðàþò åãî ñî ñòàòèñòè÷åñêè çíà÷èìî
áîëüøåé âåðîÿòíîñòüþ, ÷åì ñëó÷àéíî, íà óðîâíå çíà÷è-
ìîñòè 5%. Ïðèäóìàéòå ñòàòèñòè÷åñêèé êðèòåðèé äëÿ
ïðîâåðêè ýòîé ãèïîòåçû, âîñïîëüçóéòåñü èì è ñäåëàéòå
âûâîäû.

10. A stream of study includes 120 students. Each student
may chose any of 10 instructors to study Image processing

with him/ her. It appears that 20 students have choosen
Alex. Test the hypothesis that students prefer Alex to
all other instructors for the signi�cance level of 5%; this
implies that they choose him signi�cantly frequently than
other instructors. Develop a statistical test for this hypothesis,
test it, and make conclusions.

Ðåøåíèå. Ðàññìîòðèì ñëó÷àéíóþ âåëè÷èíó X, ðàâíóþ åäèíèöå, åñëè ñòóäåíòû âûáèðàåò Àëåêñåÿ, è íóëþ,
åñëè îí âûáèðàåò êàêîãî-ëèáî äðóãîãî ñåìèíàðèñòà. Ìû áóäåì ñ÷èòàòü, ÷òî X èìååò ðàñïðåäåëåíèå Áåðíóëëè ñ
íåèçâåñòíîé âåðîÿòíîñòüþ p. Â çàäà÷å òðåáóåòñÿ ïðîâåðèòü ãèïîòåçó �p = 1

10 � ïðîòèâ àëüòåðíàòèâû �p > 1
10 �.

Åñòü äâà âîçìîæíûõ ïîäõîäà.
Ïóñòü x1, . . . , x120 � ðåàëèçàöèè íàøåé ñëó÷àéíîé âåëè÷èíû äëÿ êàæäîãî èç 120 ñòóäåíòîâ. Òîãäà y = x1 +

. . .+ x120 èìååò áèíîìèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè 120 è p. Â ýòîì ñëó÷àå

P{y > 20} =

120∑
k=20

Ck120p
k(1− p)120−k

Åñëè âûïîëíÿåòñÿ íóëåâàÿ ãèïîòåçà, òî P{y > 20} ≈ 0.016 < 0.05, òî åñòü ãèïîòåçà îòâåðãàåòñÿ, è ìû ìîæåì
ñäåëàòü âûâîä î òîì, ÷òî â îòíîøåíèè Àëåêñåÿ äåéñòâèòåëüíî èìååòñÿ ïðåäïî÷òåíèå.

Âòîðîé ïîäõîä òàêîé. Ìû ìîæåì ñ÷èòàòü, ÷òî íàáëþäåíèé äîñòàòî÷íî ìíîãî, ÷òîáû ñ÷èòàòü, ÷òî âåëè÷èíà

z =
x1 + . . .+ x120 − 120p√

120p(1− p)
èìååò ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå. Åñëè âåðíà íóëåâàÿ ãèïîòåçà, òî

z =
20− 12√

120 · 1
10 ·

9
10

=
8√
54
5

≈ 2.44,

÷òî áîëüøå êâàíòèëÿ óðîâíÿ 0.95 äëÿ ñòàíäàðòíîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ. Òàêèì îáðàçîì, ãèïîòåçà îò-
âåðãàåòñÿ.
Êðèòåðèè:

- ïðîñòî îòâåò áåç îáúÿñíåíèé � 0 áàëëîâ;
- ñðàâíèâàþòñÿ ýìïèðè÷åñêèå âåðîÿòíîñòè, íî íåò ïîïûòîê ïðîâåðèòü ñòàòèñòè÷åñêóþ çíà÷èìîñòü � 0
áàëëîâ;

- àâòîð âûäâèãàåò íåêîððåêòíóþ ãèïîòåçó èëè èíûì ñïîñîáîì äåìîíñòðèðóåò íåïîíèìàíèå òîãî, êàê ðà-
áîòàåò èíñòðóìåíòàðèé ïðîâåðêè ãèïîòåç � 0 áàëëîâ;

- âûáðàí êðèòåðèé èëè ñòàòèñòèêà, íå ïîäõîäÿùàÿ äëÿ ðàññìàòðèâàåìîé ñèòóàöèè � 0 áàëëîâ;
- âûáðàí êðèòåðèé èëè ñòàòèñòèêà, ïîäõîäÿùàÿ äëÿ ðàññìàòðèâàåìîé ñèòóàöèè, ïðîâåäåíû ïðàâèëüíûå
âû÷èñëåíèÿ, ñäåëàí âåðíûé âûâîä � 10 áàëëîâ;

- âûáðàí êðèòåðèé èëè ñòàòèñòèêà, ïîäõîäÿùàÿ äëÿ ðàññìàòðèâàåìîé ñèòóàöèè, â âû÷èñëåíèÿõ åñòü îøèá-
êè, ïîñëå ÷åãî ñäåëàí íåêîððåêòíûé âûâîä èñõîäÿ èç ïîëó÷åííûõ ÷èñåë � 7 áàëëîâ;

- âûáðàí êðèòåðèé èëè ñòàòèñòèêà, èñïîëüçîâàíèå êîòîðîé â ðàññìàòðèâàåìîé ñèòóàöèè íåäîñòàòî÷íî
îáîñíîâàíî â ðàáîòå, ïðè ýòîì îñòàëüíîå ñäåëàíî âåðíî � 7 áàëëîâ;

- âûáðàí íå ïîäõîäÿùèé â äàííîé ñèòóàöèè êðèòåðèé èëè ñòàòèñòèêà èëè æå äåëàþòñÿ íåêîððåêòíûå
âûâîäû, îäíàêî èç ðåøåíèÿ ìîæíî çàêëþ÷èòü, ÷òî àâòîð â öåëîì ïîíèìàåò, êàê ðàáîòàåò èíñòðóìåíòàðèé
ïðîâåðêè ãèïîòåç � 2 áàëëà.
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